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Abstract
Let K be a complete ultrametric algebraically closed field. We investigate several properties of sequences
(an)n∈N in a disk d(0,R−) with regards to bounded analytic functions in that disk: sequences of uniqueness
(when f (an) = 0 ∀n ∈ N implies f = 0), identity sequences (when limn→+∞ f (an) = 0 implies f = 0)
and analytic boundaries (when lim supn→∞ |f (an)| = ‖f ‖). Particularly, we show that identity sequences
and analytic boundary sequences are two equivalent properties. For certain sequences, sequences of unique-
ness and identity sequences are two equivalent properties. A connection with Blaschke sequences is made.
Most of the properties shown on analytic functions have continuation to meromorphic functions.
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1. Introduction
In complex analysis, studies were made on the identity theorem for meromorphic functions
of bounded characteristic in the unit disk (i.e. quotients of bounded holomorphic functions) [4,6,
7,9]. Let (zn)n∈N be a sequence of distinct points in the unit disk  = {z ∈ C; |z| < 1} such that
|zn| → 1 and∑∞n=0(1 − |zn|) = ∞. A well-known theorem of W.K. Hayman [6] states that if f
is a meromorphic function of bounded characteristic in  satisfying f (zn) = 0 for every n ∈ N,
then f is identically zero in . A more difficult result of N. Danikas [4] shows that the same
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questions concerning p-adic meromorphic functions.
Actually we notice surprising connections with the notion of “analytic boundaries” long ago
introduced by Y. Amice [1,2]. We will prove that analytic boundary and identity sequence repre-
sent the same notion. Before stating results, we need some more notation.
Throughout this paper, K will denote an algebraically closed field, complete for an ultrametric
absolute value | . |. The most important example of such a field K is the field Cp of p-adic
complex numbers.
Given a ∈ K and R > 0, let d(a,R−) (resp. d(a,R)) be the set of elements x of K such that
|x − a| < R (resp. |x − a|R).
Let A(d(0,R−)) be the K-algebra of analytic functions in the disk d(0,R−), or in other
words, the set of power series
∑∞
n=0 anxn converging in d(0,R−).
By M(d(0,R−)) we denote the field of meromorphic functions inside d(0,R−), i.e. the field
of fractions of A(d(0,R−)).
Ab(d(0,R−)) denotes the K-subalgebra of analytic functions f ∈ A(d(0,R−)) which are
bounded in d(0,R−) and by Mb(d(0,R−)) the field of fractions of Ab(d(0,R−)).
Let us notice that if a non-zero analytic function f has infinitely many zeros in d(0,R−), then
the set of zeros of f in d(0,R−) is a sequence (αn)n∈N, such that limn→∞ |αn| = R. Particularly,
if f is unbounded, then f has infinitely many zeros in d(0,R−) [5], but bounded functions may
also have infinitely many zeros.
Given r ∈ ]0,R[ and f (x) =∑∞n=0 anxn ∈ A(d(0,R−)), define |f |(r) = supn∈N |an|rn, then| . |(r) is a multiplicative K-algebra norm on A(d(0,R−)). We use ‖.‖ to denote the norm of
uniform convergence on d(0,R−) defined on Ab(d(0,R−)). Given f ∈ Ab(d(0,R−)), we know
that ‖f ‖ = limr→R |f |(r) [5].
2. Results
Definitions. Let (an)n∈N be a sequence in d(0,R−). We will say that (an)n∈N is a sequence of
uniqueness for Ab(d(0,R−)) (resp. for Mb(d(0,R−))) if for all f ∈ Mb(d(0,R−)), f (an) = 0,
∀n ∈ N implies f = 0.
We will say that (an)n∈N is an identity sequence for Ab(d(0,R−)) (resp. for Mb(d(0,R−)))
if for all f ∈ Mb(d(0,R−)), limn→+∞ f (an) = 0 implies f = 0.
Analytic boundaries (for a set of functions) were introduced by Y. Amice [1,2] and she asked
how to extend this notion to analytic functions in a disk of the form d(0,R−).
A sequence (an)n∈N will be said to be an analytic boundary for Ab(d(0,R−)) if every f ∈
Ab(d(0,R−)), satisfies lim supn→∞ |f (an)| = ‖f ‖.
Note that since ‖.‖ is multiplicative on bounded analytic functions on d(0,R−), we can
uniquely extend ‖.‖ to bounded meromorphic functions f = g
h
, where g and h are bounded
and analytic, by defining
|f |(R) = ‖g‖‖h‖ .
Remark. The field Mb(d(0,R−)) is not complete for the absolute value | . |(R). Indeed, let
(λn)n∈N be a sequence in K satisfying limn→∞ |λn|Rn = 0. The partial sums
∑k
n=0
λn
xn
define a
Cauchy sequence in Mb(d(0,R−)) which converges to a function f (x) =∑∞n=0 λnxn defined
on d(0,R−) \ {0}. Hence, such a function belongs to the completion of Mb(d(0,R−)). But
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finite value or a pole at 0.
We will say that (an)n∈N is an analytic boundary for Mb(d(0,R−)) if for every f ∈
Mb(d(0,R−)), one has lim infn→∞ |f (an)| |f |(R) lim supn→∞ |f (an)|.
Notice that, by definition, an identity sequence for Ab(d(0,R−)) or for Mb(d(0,R−)) is a
sequence of uniqueness for the same algebra and an analytic boundary for Ab(d(0,R−)) (resp.
Mb(d(0,R−))) is an identity sequence for Ab(d(0,R−)) (resp. Mb(d(0,R−))).
Theorem 1. Let (an)n∈N be a sequence in d(0,R−). Then, (an)n∈N is a sequence of unique-
ness (resp. an identity sequence, resp. an analytic boundary) for Ab(d(0,R−)) if and only
if it is a sequence of uniqueness (resp. an identity sequence, resp. an analytic boundary) for
Mb(d(0,R−)).
Henceforth, the results will be stated and proved only for Ab(d(0,R−)). But by Theorem 1,
we know now that they are also true for Mb(d(0,R−)). Also, sometimes we will just use the
expression: sequence of uniqueness (resp. an identity sequence, resp. an analytic boundary)
to mean a sequence of uniqueness (resp. an identity sequence, resp. an analytic boundary) for
Ab(d(0,R−)).
Now we can state the main theorem of this work that shows the equivalence between identity
sequences and analytic boundaries. Let us notice here, that in a forthcoming paper, A. Escassut
characterizes all continuous absolute value on Ab(d(0,R−)) by using the proof of Theorem 2.
Theorem 2. Let (cn)n∈N be a sequence in d(0,R−) such that limn→∞ |cn| = R. Then, (cn)n∈N is
an analytic boundary for Ab(d(0,R−)) if and only if it is an identity sequence for Ab(d(0,R−)).
Theorem 3. Every converging sequence in d(0,R−) is a sequence of uniqueness but not an
identity sequence for Ab(d(0,R−)).
Furthermore, there exist sequences (an)n∈N in d(0,R−) such that limn→∞ |an| = R that are
sequences of uniqueness for Ab(d(0,R−)) but are not sequences of identity for Ab(d(0,R−)).
Theorem 4. Let (an)n∈N be a sequence in d(0,R−) such that limn→∞ |an| < R and |an − am|
|an|, ∀m,n ∈ N, n = m. Then (an)n∈N is an identity sequence for Ab(d(0,R−)).
Note that if a and b are two elements in K , then we have |a − b|  |a| if and only if
d(a, |a|−) ∩ d(b, |b|−) = ∅.
We also remark that the assumption |am − an|  |an|, ∀m = n is equivalent to |am − an| 
min(|am|, |an|), ∀m = n.
Theorem 5. Let (an)n∈N be a sequence in d(0,R−) such that limn→∞ |an| = R, satisfying:
|am − an|  |an|, ∀m = n. Then, (an)n∈N is a sequence of uniqueness for Ab(d(0,R−)) if and
only if it is an identity sequence for Ab(d(0,R−)).
Corollary 5.1. Let (an)n∈N be a sequence in d(0,R−) satisfying |an| < |an+1| ∀n ∈ N and
limn→∞ |an| = R. Then (an)n∈N is a sequence of uniqueness for Ab(d(0,R−)) if and only if
it is an identity sequence for Ab(d(0,R−)).
Corollary 5.2. Let (an)n∈N be a sequence in d(0,R−) satisfying |an|  |an+1| ∀n ∈ N,
limn→∞ |an| = R. Assume that there exists t ∈ N∗ such that ∀n ∈ N, the cardinal of {am,
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Ab(d(0,R−)) if and only if it is an identity sequence for Ab(d(0,R−)).
In order to compare results on sequences of uniqueness for Ab(d(0,R−)) with classical
results in C, we must introduce the definition of Blaschke sequences by analogy to Blaschke
products.
Definition. Let (an) be a sequence in d(0,R−) that is not necessarily injective.
We will say that (an) is a Blaschke sequence if (an) is finite or if it is infinite and satisfies∑∞
n=0(1 − |an|R ) < +∞.
We will say that (an)n∈N is a non-Blaschke sequence if it satisfies limn→∞ |an| = R and∑∞
n=0(1 − |an|R ) = +∞.
Remark. One can easily check that the condition
∑∞
n=0(1 − |an|R ) = +∞ is equivalent to saying
that
∏∞
n=0(
|an|
R
) = 0.
Now, as a corollary of Theorem A below, we get Theorem 6.
Theorem 6. Let f ∈ M(d(0,R−)) \ {0}, let (an)n∈N be the sequence of zeros of f in d(0,R−)
and let (bn)n∈N be its sequence of poles, each counted according to its multiplicity. Then, f
belongs to Mb(d(0,R−)) if and only if both sequences are Blaschke sequences.
Theorem 7. Let (an)n∈N be a sequence in d(0,R−) such that limn→∞ |an| = R. If (an)n∈N is a
sequence of uniqueness for Ab(d(0,R−)), then (an)n∈N is a non-Blaschke sequence.
Moreover, if the sequence (an)n∈N is injective, then (an)n∈N is a sequence of uniqueness for
Ab(d(0,R−)) if and only if it is a non-Blaschke sequence.
This last result remains true in the complex field. Indeed, W.K. Hayman [6] showed that
a sequence (zn)n∈N in the open unit complex disk  is a set of uniqueness for meromorphic
functions of bounded characteristic in  if and only if (zn)n∈N is a non-Blaschke sequence. But
comparison of results with the complex case stops here, because in papers [4] and [7], N. Danikas
and W.K. Hayman showed that for a fixed meromorphic function of bounded characteristic and
a fixed sequence (zn)n∈N in the unit disk, if values of f on (zn)n∈N satisfy some relationship and
tend to zero as n → ∞, then f is identically zero. Our definition of an identity sequence here is
more general and results we obtain are specifically p-adic.
Next we will define quasi-residual sequences and therefore by Theorem 8 we will obtain a
sufficient condition for a sequence to be an analytic boundary for Ab(d(0,R−)).
Definition. Let (an)n∈N be a non-Blaschke sequence in d(0,R−). We will say that (an)n∈N
is a residual sequence if it satisfies: |am − an|  |an|, ∀m = n (in other word (am, |am|−) ∩
(an, |an|−) = ∅, ∀m = n).
A sequence (an)n∈N will be said to be a quasi-residual sequence if it admits a residual subse-
quence.
Example. Let (an)n∈N be a non-Blaschke sequence and suppose that there exists t ∈ N∗ such
that for all n ∈ N the set {am, |am − an| < |an|, m ∈ N} has a cardinal less than t . Then (an)n∈N
is a quasi-residual sequence.
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In order to investigate the converse of Theorem 8, we introduce the following definition.
Definition. Let λ ∈ ]0,R[ and let (an)n∈N be a sequence in d(0,R−) such that limn→∞ |an| = R.
We will say that (an)n∈N is λ-concentrated if for all m,n ∈ N, |am − an| < |am| implies
|am − an| < λ.
And we will say that a sequence (an)n∈N in d(0,R−) is concentrated if it is λ-concentrated
for some λ in ]0,R[.
Theorem 9. Let (an)n∈N be a non-Blaschke concentrated sequence. Then (an)n∈N is an analytic
boundary for Ab(d(0,R−)) if and only if it is a quasi-residual sequence.
We conjecture that conversely every analytic boundary for Ab(d(0,R−)) is a quasi-residual
sequence. But the proof seems to be difficult if we don’t assume the sequence to be concentrated
as in Theorem 9.
The above results suggest other questions:
We say that a subset S of d(0,R−) is a set of range uniqueness (SRU in brief) for
Ab(d(0,R−)) if for every f,g ∈ Ab(d(0,R−)) such that f (S) = g(S), then f = g [3].
Are quasi-residual sequences SRU’s for Ab(d(0,R−))?
Are all analytic boundaries SRU’s for Ab(d(0,R−))?
3. The proofs
Proof of Theorem 1. Of course, if (an)n∈N is a sequence of uniqueness (resp. an identity
sequence, resp. an analytic boundary) for Mb(d(0,R−)) so is it for Ab(d(0,R−)). Now sup-
pose that (an)n∈N is an identity sequence for Ab(d(0,R−)) and let f ∈ Mb(d(0,R−)) be such
that limn→∞ f (an) = 0. Write f = gh with g,h ∈ Ab(d(0,R−)). Since h is bounded, we have
limn→∞ g(an) = 0 and then by assumption g = 0. Therefore f = 0 and hence (an)n∈N is an
identity sequence for Mb(d(0,R−)).
Now, if (an)n∈N is a sequence of uniqueness for Ab(d(0,R−)), we can easily show that it is
a sequence of uniqueness for Mb(d(0,R−)).
Finally, suppose that (an)n∈N is an analytic boundary for Ab(d(0,R−)).
Let f = g
h
∈ Mb(d(0,R−)) with g,h ∈ Ab(d(0,R−)). First suppose that
lim supn→∞ |f (an)| < |f |(R). Thus, there exists M > 0 such that for all n ∈ N, |f (an)| <
M < |f |(R). Since |f |(R) = ‖g‖‖h‖ we notice that |g(an)||h(an)| < M <
‖g‖
‖h‖ . We derive that for all n ∈ N,|g(an)| < ‖h‖M < ‖g‖. Hence lim supn→∞ |g(an)| < ‖g‖, a contradiction to the assumption
that (an)n∈N is an analytic boundary for Ab(d(0,R−)).
In the same way, by considering 1
f
, we show that lim infn→∞ |f (an)| |f |(R). 
We must remind here Theorem A (combining Proposition 20.7 [5] and Theorem 23.14 [5])
and Theorem B (Theorem 25.5 [5]) that are classical and will be very useful in the sequel.
Theorem A. Let f ∈ A(d(0,R−)) \ {0}.
Let α ∈ d(0,R−) be such that |f (α)| < |f |(|α|), then d(α, |α|−1) contains at least one zero
of f .
K. Boussaf / Bull. Sci. math. 134 (2010) 44–53 49Furthermore, if the sequence of zeros of f in d(0,R−) consists of a sequence (αn)n∈N, where
each αn is of order un, then f is unbounded if and only if the sequence (αn)n∈N satisfies
∞∏
n=0
( |αn|
R
)un
= 0.
Remark. The last statement in Theorem A is equivalent to
∑∞
n=0 un(1 − |αn|R ) = +∞.
In Theorem 25.5 [5] we must correct a misprint when the author wrote f ∈ Ab(d(0,R−))
instead of f ∈ A(d(0,R−)).
Theorem B. Let (an)n∈N be a sequence in d(0,R−) such that |an|  |an+1| for every n ∈ N
and limn→∞ |an| = R. Let (qn)n∈N be a sequence in N∗ and let B ∈ ]1,+∞[. There exists f ∈
A(d(0,R−)) satisfying
(i) f (0) = 1,
(ii) ‖f ‖d(0,|an|)  B
∏n
j=0 | anaj |qj ,
(iii) for each n ∈ N, an is a zero of f of order zn  qn.
Moreover, if∏∞j=0( |aj |R )qj = 0 then f ∈ Ab(d(0,R−)).
Lemma 1. Let
∑∞
n=0 un be a convergent series of positive reals. There exists an increasing
sequence (tn)n∈N in N of limit +∞ such that the series∑∞m=0 tmum converges.
Proof. Let (τn)n1 be a strictly increasing sequence in N∗ such that
∑∞
m=τn um 
1
n3
. For
m = 0, . . . , τ1 − 1 we put tm = 1 and for all m = τn, . . . , τn+1 − 1 we put tm = n. Then
we see that
∑τn+1−1
m=τn tmum 
1
n2
. Hence
∑∞
m=0 tmum =
∑τ1−1
m=0 tmum +
∑∞
n=1(
∑τn+1−1
m=τn tmum)∑τ1−1
m=0 um +
∑∞
n=1 1n2 which proves the lemma. 
Proof of Theorem 2. One implication in this statement is trivial, namely: every analytic bound-
ary for Ab(d(0,R−)) is an identity sequence for this algebra. The other implication will be
proved as follows:
Suppose that (cn)n∈N is not an analytic boundary for Ab(d(0,R−)), then we shall show that
it is not an identity sequence. Let f ∈ Ab(d(0,R−)) be such that lim supn→∞ |f (cn)| < ‖f ‖.
Since limn→+∞ |f |(|cn|) = ‖f ‖, there exists N ∈ N and a positive real θ < 1 such that for any
nN , one has |f (cn)| < θ |f |(|cn|). Without loss of generality, we may assume that
∀n ∈ N, ∣∣f (cn)∣∣< θ |f |(|cn|) and cn = 0. (1)
By Theorem A, f admits at least one zero in each disk d(cn, |cn|−).
Let (αn)n∈N be the sequence of zeros of f in
⋃∞
n=0 d(cn, |cn|−).
We first suppose that f (cn) = 0, ∀n ∈ N. Consider a subsequence (cρ(m))m∈N of (cn)n∈N such
that (d(cρ(m), |cρ(m)|−))m∈N is an injective subsequence of (d(cn, |cn|−))n∈N and for any n ∈ N
there exists m ∈ N such that cn ∈ d(cρ(m), |cρ(m)|−). For m ∈ N, set Dm = d(cρ(m), d−m) where
dm = |cρ(m)|. Clearly, limm→∞ dm = R.
We can order the sequence (cn)n∈N in the form (cm,j ) 1jk(m)
m∈N
such that ∀m ∈ N, ∀j ∈
{1, . . . , k(m)}, cm,j ∈ Dm.
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m∈N
such that ∀m ∈ N, ∀j ∈
{1, . . . , q(m)}, αm,i ∈ Dm.
For all m ∈ N, we set Am = max1jk(m)(|f (cm,j )|) and we suppose that the sequence
(cm,j ) 1jk(m)
m∈N
is ordered in such a way that |f (cm,1)| = Am. Therefore, since ∀i ∈ {1, . . . ,
k(m)}, |cm,i | = dm and according to (1) we have
Am
|f |(dm) < θ, ∀m ∈ N. (2)
Recall that αm,1, . . . , αm,q(m) are the zeros of f in the disk Dm and now let sm,i denote the
multiplicity order of each zero αm,i .
We have:
∀x ∈ Dm \ {αm,1, . . . , αm,q(m)},
log
(|f |(dm))= log(∣∣f (x)∣∣)+ q(m)∑
i=1
sm,i log
(|x − αm,i |). (3)
For m ∈ N, let σm =∑q(m)i=1 sm,i . Thus since f is bounded, by Theorem A, we have
∞∑
m=1
σm
(
1 − dm
R
)
< ∞.
By Lemma 1, there exists a sequence (tm)m∈N in N∗ satisfying:
∞∑
m=1
tmσm
(
1 − dm
R
)
< ∞. (4)
Let K̂ be an algebraically closed spherically complete field extension of K (Theorem 7.4
[5], with K̂ = K if K is spherically complete). Let d̂(0,R−) = {x ∈ K̂ | |x| < R} and let
Ab(d̂(0,R−)) be the algebra of bounded analytic functions with coefficients in K̂ , converging in
d̂(0,R−).
Then by Theorem 2 [8], there exists a function g ∈ A(d̂(0,R−)) admitting for zeros the
(αm,i) 1iq(m)
m∈N
, each with multiplicity order tmsm,i and having no other zero. Since g satisfies
(4) then by Theorem A, g belongs to Ab(d̂(0,R−)).
We also have
log
(|g|(dm))= log(∣∣g(x)∣∣)+ q(m)∑
i=1
tmsm,i log
(|x − αm,i |),
∀x ∈ Dm \ {αm,1, . . . , αm,q(m)}.
Then using (3) we obtain
|g(x)|
|g|(dm) =
( |f (x)|
|f |(dm)
)tm
, ∀x ∈ Dm \ {αm,1, . . . , αm,q(m)}. (5)
Particularly, |g(cm,1)||g|(dm) = (
|f (cm,1)|
|f |(dm) )
tm . Consequently, if we set Bm = max1jk(m) |g(cm,j )|, then
we see that Bm = |g(cm,1)|.
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Bm
|g|(dm) =
(
Am
|f |(dm)
)tm
< θtm, ∀m ∈ N. (6)
Thus, we have max1jk(m)(|g(cm,j )|)|g|(dm)  θ
tm
, ∀mN . Then, since tm tends to +∞ and |g|(dm)
tends to ‖g‖, we see that limm→∞ max1jk(m)(|g(cm,j )|) = 0. Therefore limn→∞ g(cn) = 0.
On the other hand, by Theorem B and by (4), there exists h ∈ Ab(d(0,R−))\ {0} such that for
each (m, i), m ∈ N, 1 i  q(m), αm,i is a zero of h of order zm,i  tmsm,i and thus h factorizes
in Ab(d̂(0,R−)) in the form h = gg with g ∈ Ab(d̂(0,R−)). Then, since limn→∞ g(cn) = 0,
we have limn→∞ g(cn)g(cn) = 0 and therefore h ∈ Ab(d(0,R−)) \ {0} with limn→∞ h(cn) = 0.
Which proves that (cn)n∈N is not an identity sequence for Ab(d(0,R−)).
Finally, suppose that f (cn) = 0 for some n ∈ N. Let (an)n∈N be the subsequence of (cn)n∈N
such that f (cn) = 0. If (an)n∈N is infinite then the same proof shows the existence of h ∈
Ab(d(0,R−)) \ {0} such that limn→∞ h(an) = 0. But then the function l = f h belongs to
Ab(d(0,R−)) \ {0} and satisfies limn→∞ l(cn) = 0. Hence (cn)n∈N is not an identity sequence
for Ab(d(0,R−)).
If the set of (an) is finite, then there exists N ∈ N such that f (cn) = 0 for all nN . Clearly,
limn→∞ f (cn) = 0 and thus (cn)n∈N is not an identity sequence for Ab(d(0,R−)). 
Proof of Theorem 3. It is well known that zeros of a non-zero analytic function are isolated,
therefore every converging sequence in d(0,R−) is a sequence of uniqueness for Ab(d(0,R−)).
Assume that (an)n∈N is a converging sequence of limit a. The polynomial P(x) = x − a
satisfies limn→∞ P(an) = 0. Since P(x) belongs to Ab(d(0,R−)), (an)n∈N is not an identity
sequence.
In order to prove the last statement of Theorem 3, let (bn)n∈N be a sequence in d(0,R−) \ {0}
such that ∀n ∈ N, |bn| < |bn+1|, limn→∞ |bn| = R and ∏∞n=0 |bn|R > 0 (i.e. ∑∞n=0(1 − |bn|R ) <+∞). By Theorem B there exists f ∈ Ab(d(0,R−)) \ {0} such that f (bn) = 0 for all n ∈ N.
Since f is continuous in d(0,R−) then for each n ∈ N there exists εn ∈ ]0, |bn|[ such that for all
x ∈ d(bn, ε−n ), |f (x)| < 1n+1 . Let (tn)n∈N be a sequence of integers such that
∏∞
n=0(
|bn|
R
)tn = 0.
For each n ∈ N take tn distinct points bn,1, . . . , bn,tn in d(bn, ε−n ). Let (am)m∈N be the sequence
(bn,i) 1itn
n∈N
. Since |f (bn,i)| < 1n+1 ∀n ∈ N and ∀i ∈ {1, . . . , tn}, we have limm→∞ f (am) = 0.
Therefore (am)m∈N is not an identity sequence for Ab(d(0,R−)). Furthermore, since ∀n ∈ N and
∀i ∈ {1, . . . , tn}, |bn,i | = |bn|, we notice that∏∞m=0( |am|R ) = 0.
Now suppose a bounded analytic function g on d(0,R−) satisfies g(am) = 0 ∀m ∈ N. Then,
since
∏∞
m=0(
|am|
R
) = 0 and by Theorem A, g is identically zero. Consequently, the sequence
(am)m∈N is a sequence of uniqueness for Ab(d(0,R−)). 
Proof of Theorem 4. Let r = limn→∞ |an| with r < R and suppose that there exists f ∈
Ab(d(0,R−)) \ {0} such that limn→∞ f (an) = 0. Then since ‖f ‖d(0,r−) = limn→∞ |f |(|an|),
there exists q ∈ N such that for all n  q , |f (an)| < |f |(|an|). By Theorem A, f admits at
least one zero βn in d(an, |an|−). Now the hypothesis, d(am, |am|−) ∩ d(an, |an|−) = ∅, for
all m,n ∈ N, m = n, implies that (βn)nq is an injective sequence of zeros of f , a contradic-
tion because any non-zero analytic function in d(0,R−) admits finitely many zeros in the disk
d(0, r). 
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pose that (an)n∈N is not an identity sequence and let f ∈ Ab(d(0,R−)) \ {0} be such that
limn→∞ f (an) = 0. Since ‖f ‖d(0,R−) = limn→∞ |f |(|an|) there exists q ∈ N such that for all
n  q , |f (an)| < |f |(|an|). By Theorem A, f admits at least one zero bn in d(an, |an|−). The
sequence (bn)nq is injective because for all n,m ∈ N, n = m, d(an, |an|−)∩ d(am, |am|−) = ∅.
Since f is bounded, by Theorem A, we have
∏∞
n=q(
|bn|
R
) > 0 and we also have
∏∞
n=q(
|an|
R
) > 0
because |an| = |bn| for all n  q . Therefore by Theorem B, there exists g ∈ Ab(d(0,R−)) \
{0} such that g(an) = 0 for all n ∈ N. Thus, (an)n∈N is not a sequence of uniqueness for
Ab(d(0,R−)). 
Remark. Let (an) be a sequence in d(0,R−) satisfying limn→∞ |an| = R. If (an)n∈N admits a
non-Blaschke subsequence, then (an)n∈N is a non-Blaschke sequence.
Proof of Theorem 7. Suppose that
∑∞
n=0(1 − |an|R ) < +∞. Then by Theorem B there exists
f ∈ Ab(d(0,R−)), f = 0 such that f (an) = 0 for all n ∈ N. Hence (an)n∈N is not a sequence of
uniqueness for Ab(d(0,R−)).
Now suppose that (an)n∈N is an injective non-Blaschke sequence. Let f ∈ Ab(d(0,R−)) be
such that f (an) = 0 for all n ∈ N. By the remark above, the sequence of zeros of f also is a
non-Blaschke sequence. Then by Theorem 6, f = 0. Which proves that (an)n∈N is a sequence of
uniqueness for Ab(d(0,R−)). 
Proof of Theorem 8. Let (an)n∈N be a quasi-residual sequence and let (αm)m∈N be a residual
subsequence of (an)n∈N.
Suppose that there exists f ∈ Ab(d(0,R−)) such that lim supn→∞ |f (an)| < ‖f ‖. Obviously
lim supn→∞ |f (αn)| < ‖f ‖. Recall that ‖f ‖ = limr→R |f |(r) and that |f |(r) is increasing in
[0,R[. Hence there exists q ∈ N such that for all m q , |f (αm)| < |f |(|αm|). By Theorem A, f
admits at least one zero βm in d(αm, |αm|−), for all m q .
Since (αm)m∈N is a residual sequence, it satisfies, for all m,s ∈ N, m = s, d(αm, |αm|−) ∩
d(αs, |αs |−) = ∅. Which implies that the sequence (βm)mq is injective. On the other hand, since∑∞
m=0(1 − |αm|R ) = +∞ and |αm| = |βm| for all m  q , then
∑∞
m=q(1 − |βm|R ) = +∞. Hence
(βm)m∈N is an injective non-Blaschke sequence of zeros of f . Then by the above remark and by
Theorem 6, f is unbounded, a contradiction. 
Proof of Theorem 9. By Theorem 8, if (an)n∈N is quasi-residual then it is an analytic boundary
for Ab(d(0,R−)).
Now suppose that (an)n∈N is not quasi-residual. Since (an)n∈N is concentrated then it is
λ-concentrated for some λ ∈ ]0,R[. Let (αm)m∈N be a subsequence of (an)n∈N satisfying:
|αm − αs | |αm|, ∀m = s and for each n ∈ N there exists m ∈ N such that an ∈ d(αm, |αm|−).
Since (an)n∈N is not a quasi-residual sequence, then (αm)m∈N is not a residual sequence. That
means that
∑∞
m=0(1 − |αm|R ) < +∞. By Theorem B, there exists f ∈ Ab(d(0,R−)) such that for
all m ∈ N, αm is a zero of f . Let qm be the number of zeros of f in each disk d(αm,λ). Then by
Schwarz Lemma (Theorem 23.18 [5]), we have
‖f ‖d(αm,|αm|) 
( |αm|)qm
.‖f ‖d(αm,|λ|) λ
K. Boussaf / Bull. Sci. math. 134 (2010) 44–53 53Since ‖f ‖ ‖f ‖d(αm,|αm|), we see that
‖f ‖
(
λ
|αm|
)qm
 ‖f ‖d(αm,|αm|)
(
λ
|αm|
)qm
 ‖f ‖d(αm,|λ|).
On the other hand, since limm→∞ |αm| = R and since λ ∈ ]0,R[ there exists q ∈ N and M ∈
]0,1[ such that for all m q , 0 < λ|αm| < M .
Now, since qm  1 for all n ∈ N, then we see that for all m q ,
‖f ‖ > ‖f ‖M  ‖f ‖d(αm,|λ|).
By definition of (αm)m∈N, for every n ∈ N, there exists m ∈ N such that an ∈ d(αm, |αm|−).
But since (an)n∈N is λ-concentrated we also have an ∈ d(αm,λ−).
This proves that lim supn→∞ |f (an)| < ‖f ‖ and consequently (an)n∈N is not an analytic
boundary for Ab(d(0,R−)). 
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